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1.  Introduction 

The  purpose  of  this  article  is  to  exhibit  a  technique  for 
solving  certain  problems  in  the  asymptotic  theory  of  differential 
equasions.  I'e  consider  here,  modulo  inessei^tial  transformations, 
the  most  general  second  order  equation  susceptible  to  this 
technique,  lie   have  elected  to  give  a  detailed  account  of  such 
a  problem  because  the  methods  involved  seem  appropriate  to  a  wide 
class  of  problems  (see  Stengle  [5]  for  some  results  about  n-th 
order  equations). 

We  consider  the  equation 

(1.1)  P^^=a(t,^)y 

dt 

where  t  and  pare  real  variables  ranging  over  |t|  <  t,., 
0  <  p  <  Pq  and  a(t,/))  is  C  on  the  closure  of  this  domain. 
In  the  case  that  a(t,0)  does  not  vanish,  (1-1)  falls  within 
the  scope  of  a  systematic  theory  (see  Turrittin  [2] .   How- 
ever if  a(t,0)  has  isolated  zeros,  individual  representatives  of 
(1.1)  become  highly  idiosyncratic  and  there  exists  a  considerable 
literature  devoted  to  the  investigation  of  special  cases  (see 
Erdelyi  [l"]  )  .   Such  problems  are  called  "turning  point"  or 
"transition  point"  problems  and  the  zeros  of  a(t,0)  are  called 
"turning"  or  "transition"  points.  We  describe  a  class  of  such 
problems  which  can  be  treated  by  adjoining  a  root  X(t,p)  of 


(1.2)  X^-a  =  0 


to   the   resources  of  non-turning  point  theoryt     This  class  forms  a 
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natural  generalization  of  the  class  of  problems  which  do  not  have 
turning  points.   Our  results  shed  light  on  the  difficult  problem 
of  classifying  turning  points,  for  v/hich,  we  believe,  no  satis- 
factory definition  has  yet  been  given.  V/e  will  meet  a  significant 
part  of  the  difficulties  below  in  classifying  the  singular  be- 
havior near  (0,0)  of  \{t,P)    and  certain  classes  of  functions 
arising  from  X  by  the  operations  of  differential  algebra. 

^.  The  Newton  PolyRon 

In  this  section  we  state  restrictive  hypotheses  which  a(t,p) 
muot  satisfy.  V/e  suppose  HO.   a(t,0)  has  a  zero  of  order  m  at 
t  =  0  and  a(0,p)  has  a  zero  of  order  y  a^  P=  0. 

Given  a  C   function  |)(t,p)  let  <p  denote  the  formal  power 

series  of  (})  at  t  =  p  =  0.   Since  every  formal  power  series  is 

the  power  series  of  some  C   function  we  also  use  circumflexed 

symbols  to  denote  abstract  formal  power  series  or  the  formal 

product  of  such  a  series  and  a  C   function.   Since  a   ^0, 

o 
by  the  Weierstrass  preparation  theorem  for  formal  pov;er  series 

(2.1)     g  =  (t  °  .  E=  t-p*-  ^,(p))&,(t,p)  =  ^X 

m=0 

where  p  ip)    is  either  a  unit  or  identically  0  and  U   is  a  unit 
in  the  ring  of  formal  power  series. 

We  obtain  the  Newton  polygon  of  (1-1)  by  plotting  the  points 
(k^»ni)  for  which  p  ^0  and  forming  the  convex  hull  of  these 
points  and  the  set 
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The  boundary  of  this  set  is  the  Newton  polygon  N.   The  point  (y.O) 

is  an  extreme  point  of  this  set  and  hence  is  a  vertex  of  the 

boundary.      V/e   number   the    sides   between  3      and    (y>0)    3      ...    S    • 

Let  il^.,[i.)    be  the  coordinates  of  the  lower  vertex  of  S.,   Let 
J   J  J 

Sj  be  described  by  the  equation 


k  *  ..  ^m  =  Yj 


where  S'>X-    ^^®  positive  rationals  with  least  common  denominator 
It  can  be  seen  that  the  change  of  variables 

t  =p  -^3 


(2.2)j 

y(t,p)  =  w(s,p) 

transforms  (1-1)  into 

1_      1_ 

(2.3),   P     J   J  ^  =  [s  Ja.(3)  +  p  Jp.(3,pJ)]w 

where  a.(3)  is  the  polynomial  U(0,0)    >     Pi,(0)  s    "^  for 
J  (k,m)€S.   ^ 

J 

j  =  l,2,...,p   ,   cLq^^^  "  ^'      °a(s,0),  and  p.(s,o)  is  C°°  , 
We  assume: 

HI.  a(s)>0  0<s<t 

o  —       —     o 

a^(s)>0  0<s<oo  I^JISP* 

H2.  n   -  6p   -  Xp   =  ^  >  0, 
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We  remark  that  if  p  >  0,  (2.3)^.  is  a  turning  point  problem 
for  0  <  J  <  p  but  (2.3)p  is  not.   Hypothesis  H2.  implies  however, 
that  U.3)^   has  a  singular  dependence  on  p.   The  case  that  (1.1) 
is  not  a  turning  point  problem  corresponds  to  the  special  case  in 
which  the  Newton  polygon  consists  of  a  single  vertical  ray. 

3.  The  Connection  Problem 

Hypotheses  HI.  and  H2.  bring  (2.3) ^    0  <  J  <  p  „ithxn  the 
scope  of  the  standard  theory  If  3  is  restricted  to  a  domain  of 
the  form  0  <  3„  <  s^  for  0  <  j  <  p  or  to  0  =  s^  <  s  <  s^  for 
Jj^P.  The  nam  result  is  that  there  exist  solutions 
"j   "'•P'  "j   '*'P'  '^^"Ine  asynptotic  representations  i)'!',  ^(2) 
Which  are  fundamental  In  the  sense  that  solutions  of  (20)  !  on  the 
same  domain  have  asjonptotio  representations  of  the  form   ^ 
ci(p)w<l)  .  C2(p)0(2).  Moreover  the  C'i)  have  the  for™ 


(3.1)j        -^(1'  =  Q<i)  exp  ,;/) 
,(1)  . 


j   exp  qj  i=l,2 

1 


Where  Qj^  is  an  asymptotic  power  series  in  p''j  with  coefficients 
whic^^are  c"  functions  of  s,  and  qji'  is  a  polynomial  in 
**  o  . 
p       with  similar  coefficients. 

such  results  do  not  reveal  to  what  extent  the  formal  ex- 
pressions Obtained  rrom^(3.1) .  by  reversing  the  transformation 
(2.2)y    namely  ^U)(,^   J   ),  ,,,,  ,^^^^.^^  ^^^  ^_^.^^  ^^^^^^^^ 

of  the  solutions  vi^^^(tn      J  ^\  • 

T^ions  w.      (tp   ,p)  in  the  case  that  t  does  not  have 

the  special  form  t  =  o^  J    r\        ^ 

X  lorm  t  -  sp^  .   Our  hypotheses  inaure  that  for  each 

p.    the    solution^„(l'(tp    J,^    is   the   restriction   to   the   domain 
-op      <  t  <  s,p  J  Of  a  "elobal"  solution  yf  (t.p)   on  the  domain 
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0  <  t  <  t  .   However  in  general  the  pairs  y.   (t,p), 

(2) 

y^   (t»p)  j=0>l»«««.P.  will  be  different.   Among  them  must  persist 

linear  relations  (depending  onp).      It  is  the  case  that  the  ex- 
pressions (3.1/-  provide  only  fragmentary  knowledge  of  the 
asymptotic  behavior  of  solutions  unless  we  have  an  asymptotic 
description  of  these  linear  relations.   We  therefore  ask: 

1)  To  what  extent  do  formal  expressions  {3.1).   provide  asymptotic 
information  if  s  depends  on  p? 

2)  V/hat  are  the  asymptotic  linear  relations  among  the  pairs 

We  call  this  interrelated  pair  of  questions  the  connection 
problem  for  the  as^inptotic  solutions  (3»1)« 


li.  Formal  Considerations 

We  begin  with  some  definitions  of  a  general  nature: 

Definition:   Given  a  (t,p)  set  S~li    let  M(0)  be  the  ring  of 

bounded  functions  on  t~l . 

Definition:   Let  Ll   be  a  (t,  p)  set  on  which  p~      is  unbounded. 

V/e  say  that  a  sequence  f ,  of  functions  on  O.  is  fornally  con- 

verF-:ent  to  0  if  raven  any  positive  integer  N  there  is  a  k  (N) 

such  that 

f^^^^  p  \^) 
N 
^°^  all  ^  1  ^o^^^)  y   and  p  °f^  £  M(n)  for  some  N^  and  all  k.   ^^ 

This  notion  of  convergence  leads  directly  to  the  ring 
M  (ri)  of  formally  convergent  series  of  functions  on  W.   V/e  use 
the  symbol  "  (y^    to  denote  equality  in  W"  (.O)  ,      The  archetype  of 
a  formally  convergent  series  is  a  series  of  the  form 
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where  all  but  a  finite  number  of  the  fi^(t)  are  bounded  on  CI. 
Definition:   V/e  call  a  series  of  the  above  forra  a  formal  power 
series.   If  it  is  important  to  distinp.uish  the  special  case 


N  =  0,  we  use  the  term  "proper  formal  power  series"* 
Definition:   Let  f,  f ,  ,  k=l,2,...,  belon.^to  T  °  M 12.   VJe  say 


CO 


) f,     is   an  asymptotic   ex;^ansion  of   f  on  Q.  if 


that  

k=l 

N 


..11m    (f  -  ) f ,  )  vy  0.  \\'e    indicate  this  relationship 

N  -*  CO  ^^^^ 

by  writing 


oo 


f  ^  z_  ^-* 


k=l 

Remarks.   Evidently  an  asyraptotic  expansion  is  a  formally  con- 
vergent series.   This  notion  of  asymptotic  expansion  arises  from 
the  sequence  of  ideals  pTM  in  M.   It  is  possible  to  define  more 
general  kinds  of  expansions  by  introducing  more  general  nested 
sequences  of  ideals  but  tlie  preceding  notion  seems  to  include 
very  many  cases  of  interest  in  the  theory  of  differential  equa- 
tions.  Indeed  our  most  delicate  results  involve  other  sequences 
of  ideals,  but  since  these  depend  so  strongly  on  the  individual 
characteristics  of  our  problem  it  is  most  natural  to  let  these 
ideals  appear  explicitly  in  the  statement  of  our  results. 

We  note  that  the  preceding  definitions  do  not  exclude  the 
possibility  that  t  is  a  vector  variable. 

We  now  make  definitions  which  are  dictated  by  the  particular 
exigencies  of  our  problem. 
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Definition:   Let  iAt^    ,3'  ,  n' )  be  the  (t,p)  set  -s'p  ^  <  t  <  t', 
0  <  p  <  p '  .   Let  t  ,  P      be  positive,  and  0  <  s   <  1.   Let 
Ti^  =  0(t  ,s^,p^). 

O         0010  c 

Definition:   Let  z(t,p)  =   t  +  f>    P.   Let  D  =  ■—  .   LettfCQ  ) 

be  the  set  of  functions  f  such  that  z^D^f  £  11  (-Q  )  k=0,i;2,..:  . 

Letf^''  (  Q  )  be  the  set  of  formally  convergent  series  of  elements 

Remarks:  niCt^)  (l-f'iCl  q))    is  a  differential  subring  offn(Q  ) 
u^  (,Cl    ))  with  deviation  zD  (zD  understood  as  termwise  differen- 
tiation) . 
Definition:   Let  P(t,p)  be  the  polynomial  (see  (2.1)) 

t"°  ^      Tzz:         ^^ot'^p^  .  - 

Remark:   P(t,p)  is  uniquely  determined  by  a  (t,p). 
Lemma  U.a .   For  p  ,  s   sufficiently  small,  a(t,p)  can  be  repre- 
sented in  the  following;  two  ways; 

1.  a  =  P-iU,  +  A, 

ill  ■:''', 

where  P,  is  a  monic  polynomial  in  t  of  depree  m  ,  P,  and  U, 

1 ■= — ' ^ o   1  1 

are  C    on  1 1 1  <  t  ,  0  <  ._■)  <  o  ,  U,  i  0  on  this  domain,  and 

—  '  '  —  o    —  I  —  r  o   1  '   ' 

a  =  P^U^  . 

2.  a  =  PU 

where  P  is  defined  above  and  U  is  a  unit  in  TH  {£\    ) , 
Proof:   IVe  chcose  P,  in  the  following  way.   V/e  consider  the 

A 

equation  P   =  0  as  an  algebraic  equation  for  t  with  coefficients 
in  the  ring  of  formal  p-power  series.   This  has  solutions 
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t^   (p  )  k  =  1,2  m   in  the  ring  of  formal  power  series  in  some 

1 

root  p   of  p.   Let  t^  ^(s)  be  a  0°*^  function  having  t  (s)  as  its 

formal  power  series. 

Let  , 


P   is  easily  seen  to  be  a  C    function  of  o   with  formal  power 

A  CO  '^ 

series  P  .   Let  U-,  be  any  C    function  having  U  as  its  formal 

power  series.   Then  a^  =  U  -  PiU-,  has  formal  power  series  0. 

2.  l/e  now  examine  the  linear  factors  of  P   and  P.   Under  the 
transformation  t  =  sp  ''   P^^  and  P  assume  the  form 


p  ^   U^^(0,0)  I  s^Ja.Cs)  +  ...| 


1_ 
o  ■ 


1 
Where  the  dots  indicate  higher  order  terms  in  p  **  .   These  higher 

A 

terms  are  in  general  different  for  P-,  and  P,  but  the  leading  parts 

A 
agree  since  P,  and  P  agree  in  all  terms  which  correspond  to  index 

pairs  on  sides  S   -  S   of  the  Newton  polygon.   It  follows  (Semple 

and  I^eebone[3J)  that  the  roots  of  P  and  P  as  formal  series  are  of 

the  form 

\ 

p    ^  ^  k  '*'  *  *  •  ^   ^"■'•'  "  '  '^o 


where  ^.  is  a  root  of  a.   and  the  dots  indicate  higher  order  terms 

^  Jk 

in  some  fractional  power  of  p.   Since  the  series  for  the  roots  of 

A 

P  are  convergent  for  small  P,    and  since  the  series  for  the  roots 
of  P-,  and  formal  power  series  of  the  roots  of  P,  by  construction 


h 


•  t •'     ■  '.  •  f '  ' 


>  i 


■  ^  '^fi-ror    'j^iw'  I    ■!;•'('■:')- 


*  o.. 


<j   •■»■ 


a'.^    '%*>>i<X^:*:    'i-.'---''     ■■'=■<.■'■■':     '■'■■'-''''     ..-'*.'    ■•     ■'    '■.      .  ;;    fi0;"il        » ?.C-'i '■  ""-K     ■i'''^\'-)0 
....  .  .  .  J      .^  ..    ^ 


I" 

■    :".  ■■■       ,     ■■    's  ;U     rKU-^T    '^(^hT:>    ni:(i:j;-.iiA    -*';;  f-:;ii-.Ai  i     ;;^    -    li-VO     ;>'";,.>dv 

-■  •■  ■■■  !t 


:to  e^Qc 


■1'. 


■;>.     •..    ■*•  i" 


we  conclude  that  the  roots  t,   (p)  of  P,  and  the  roots  t,  (o)  of 

K    I       i  K  r 

P  have  the  form 


p   ^[3  +  0(1)1    k=l,2,...,m^ 


By  H2.  each  of  the  ^.     are  complex  or  negative  real.   For  p  ,s  , 
sul'f iciently  small  we  can  supoose  that  the  distance  in  the  complex 
plane  of  each  S,     +   o(l)  from  the  subset  [-s  ,oc]  of  the  real  axis 
is  greater  than  some  positive  constant.   This  readily  implies  that 
the  expressions 


FF 


*-'-  >  .    z(t-V  -1   .  z(t-t<l')-l 


are  bounded  on  Q  and  therefore  generate  a  subring  7^  (4^)  of 
^'*7(CL)»   Since  (zD)  applied  to  any  of  these  generators  is  again  an 
element  of  N(C)  )  ,  this  subring  is  also  a  subring  of  '^K'^l)*      In 


o  P- 


particular  -pr-»  "p-  and  -^  are  elements  of  7!^(0  ). 
V/e  write  the  representation  of  1.  in  the  form 


a  =  P  1  ^u^  .  ^  ^ 


.^v 


By   1.    A-i    is   a   C        function   such  that   A-,    h  0.      This   implies 

/   N,   \  -Up 

1  D  -^A^  )   (|t|  +  p)  '^      is  bounded  for  all  N^,N2  for  all  N^,N2 

for  0  <  p  <  p  ,  |t|  <  t  ,  which  implies  that  A,  e  z^M  for  allH,  Thus 


V:'     (ry)  ,,-T     c- -OO'l     3d  '     b: 


i;i". 


CJ    -f- 


V   !  J  •=■  ■"■'■■       i  :     ■> 


.<  -;;  i  •  o'l 


■  •-  i 


-         •-         '■■■   '    -    -*         \  i     '  •■'  ,,    ,         '•-■'- 


?    :  1  .i;.)l,iX      ,  ;. .'  1,  .oy'S     i.: 


t.  ! 


•,..!-■•:    tiicw. 


■:Ox!:.V.  ' 


lo    {^"^)  ^:^  :^inl-idxrs    ;^ 


:r 


jriB  fifa^a  eJc   ^'rc:* i>",'Mi^:\   '^■^.■i-cU!:   '\c    >,;;/•    '-J   b?:>.i:.U]q^    iO,'-:>    sy:>nic;      «i  ''^j\'^^ 


!S      i*'     OV'^. . 


cl     ■jr'i.Tc.  Jfi    :;iii.:i     .  (  _..   ):I    ')•»    ^mT' ;;::.X  j 


ffPlo 


■j     / 


p  ^J.     -;  N  .'■*  w      J 


L'' 


'-y       I'Jt  i.      ,^\i  t    ,■■  .      ,\r 


;.;;or:-^n.>(,     -ti. 
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p  ,        in    _.-l 

— U-|  is  a  uni1 


m  -1 

A,      /   o   -m   \ 

it  in  H  and  ^  =  z  / 1 —  z  °A,  |=  za^  where  a,  t  '^JL 

P  U 
For  t'  and  a      sufficiently  small,  U  =  — s— =  +  2A   is  also  a  unit. 

Thus  on 

a(tss^,p^) 

a  =  UP 

But  for  p  sufficiently  small,  or  iXt  »s  , ,:.  )  -  ri(t'  ,s  ,  |..^), 
i.e.  for  0<t'  <t<t  *  our  hypotheses  imply  that  a  and  P  are 
units  in  C    .   Hence  s   is  U,  end  ttie  conclusion  of  2.  follows, 
Remark:   The  preceding  result  is  a  peculiar  analogue  of  the 
v/eierstrass  preparation  theorem  for  holomorphic  functions.   It 
cannot,  of  course  be  used  to  draw  conclusions  about  the  zeros 
of  a  since  the  result  depends  upon  the  fact  that  a  has  no  zeros 
on  O^'      Its  significance  lies  in  the  fact  that  P  characterizes 
the  v^ray  in  v;hich  a    is  unbounded  on  Q  . 
Lemma  [].b.   Onl,}  ,  P  >  K   ^  where  K  is  a  constant. 
Proof:   The  factorization 

P  =TT,=i    t- ,.  "4^  .  c(i)J 


and  the  fact  that  a(0,i:;)  has  a  zero  of  order  y  "=  Y  ^^  ^  -   0 
implies 

m 
o 


y~       fc,-  =  Y„  =  Y« 


k=l   k 


J    p 


......  ;^K=^,''- .  .^^\^,,'\ . 


ox 


£''■ 


«      r.  i. 


i>a 


,  f-.X:     •!'     •"^"" 


;iii 


•   'i^-Sf 


'   -■    t. '  •  i  • 


.  ^. 


V..'':'!'    0/    j:>i-e.;.    ej    :".-'"ij.'  :  o   1o    ,:"  Oii  ■■■,.,■ '^ 


'CiCii;     o  J 


,.        i'iSiil     A         ilj  .     t..  . 


no  i:  cJ  c  s  i,  •?  o  j  -)  n  ■  I   eiVl 


IVf  . 


.--& 


*-i    -:i  I  .   ,     "<"     ^i 


Y    -ii'-iv 


:'  ■•  (  ->  ^ 


i  V 


\    '     t! 


11 

For  (t,p)  ^  C'  »  tp     ranges  over  a  subset  of  [-3  ,00]  •  In  the 
proof  of  Lenma  l+a,!!  was  determined  so  that 

(1)     "^  ^\i 
t,   (p)p      ^^<3  distance  from  this  set  greater  than  some  constant 

K-i.  Hence 

Y   m 

P  =  |P|  >  P  %  °  =  KpY 

Lemma  I4.C .   Let  I  =  P^F'^^^^z'-^  ,      Then  ?-^^^ ,    I,  zP"-^P,  zl'^I 

are  all  elements  of  Ty?  G.^  )  and  lim  I  ^J  Q» 

°      k 


Proof:   Evidently  P  ^^  £  ^^-^q^'   '^"'■^^  zP"'''?  is  an  element  of  the 
subring  /^  (C_)c:/^^(  ^_)  used  in  the  proof  of  the  previous  lemma. 
The  identity 


(zD)N*V/2=  (zD)N(lpV2p^,p-l^-j) 


and  an   induction  argument   shov/s   that 


i.e. 


By  Lemma  L|.b 


(zD)^?-""/^  €   M  V    k  >  0 


P^/ifTi . 


|P|    >   K^^^P 


where   K   is   a   positive   constant.      Me   can  therefore   estimate   I: 


.  -1/2  -"^f         -  i 

I|    <K   V2^     ^*   "     p(l.s    )    -1        . 


P(       -o' 


Since   by  Hypothesis  H2 


■:-0, 


<.::.    3    '•f 


■if>.:\c 


S{i-i:)-.vioo   ;n:u:^   nrii:}    tP'^^^o'^^    ir, 


;'l  :-'■'■ 


X^ 


^  v.*  S  V   . 


(t^ 


/.ju;?t^ri.j    1.  ;r^;' 


•i ,' ... 


.\  •■•■■■-, 


^  ...   )  .-^ 


M       i 


/■  i.     ■-vv... 


■ '  ■  •  ^ »"'  *■;  ^i 

^      J.      '      .        J!      /. 


: ;  ^ . 


i''.i\'.    ■■.Wf.:/-*:;    :.;.■■  v.,,f, .■••;, rt   //o  ;  vi"5'Ji:ii./.    r't^   l;'u; 


0   -  .:;   V  :^  3  •-''^•■■i^^(ci5i 


i ; 


U;.i   jH.i:.- 


(    v- .  ( 


•  o;;    jfvAi^r 


:''!i>'' 


'iSl-^- 


i    is- 4 
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n_^--^P=Z\>0,  ,  If.  ^   -^M 


k  A 
This  implies   lim   I  '\y- 0 .      Finally 

k  — )OD 

zr4  =  -|  Fp-i  -  i^p;/ 

and  as  above  induction  shows  I  t,  /'7  . 

Lemma  Ud.   The  ideals  in  f//,    ?  /^I^II  k  =  0,1,.,.,  are  closed 
under  zD. 

Proof:  zD(P^/2l^'^)  £  (zDP^/^)!^/^ 

£  P^/2(ZPP-1)I^^7/  +  ?^^^{l^zil'^)r^/ 

1 

-H  pl/2jk;.;^ 
^Pl/2j^^^ 

5«  Formal  Solutions 

\Je   consider  the  Ricatti  equation 

(5.1)  p^'r  +r2-a 

related  to  (1.1)  by  the  transformation 


n 


I  = 


The  equation 


P"i=  r. 


r\r   +r  -a  =  0 


has  formal  yi -power  series  solutions 


L  n        Ti 


:"        :i  ■■  r 


V  ■■      T 


_,\    t 


.-.r^'-    ^^-^ 


J  ....  ■;. ; 


..  -  'I  -  \  -' 


\ic   i, 


.loi)   o\i 
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■^         k 


k=0  ^ 


v;here   R    is  a  root,    call    it   X,    of 
o 


r2   -   a  =  0    , 


and 

(5.2)  Ri,^i  =  -Jx"  (\  -^      3  HiRi). 


i+j=k+l 


It  follows  from  (5.2)  and  from  the  relation  X  =  a  (2X)  ""'■ 
that  R,  can  be  written  in  the  form  R,  (X,t,,o)  where  R,  is  a  ra+:» 
tional  function  of  X  with  coefficients  in  the  ring  generated  by 
a(t,o)  and  its  t-derivatives. 

\'}e    introduce  the  sequence  ({>.  according  to  the  scherae 

(5.3)  c[)^  =  0 

^\'   ^"^k.l   =   -P"^  -  ^k- 

This  sequence  can  be  described  as  "solution  by  formal  successive 

approximation."  We  could  use  it  to  construct  asjinptotic  solutions. 

but  v;e  give  precedence  to  the  suns  \  R.p^  v;hich  are,  roughly 

/ o   "^ 

speaking,  the  simplest  expressions  v/hich  approximate  r  to  vjithin 

the  order  of  O         ^v+i*  However,  v/e  v;ill  use  sequence  (5.3)  as 

a  convenient  intermediate  basis  of  comparison  in  section  ?• 

Theorem  1. 


i)  p^\  ^  p^/'^  r'^iq^) 


ii)  K  - ' '' 


L j=y     J  /   o 


f;  -■  : 


1'   ^         :  )  !'• 


J.^-i) 


\A<. 


:'!;•  -^Lj      =>._' 


■'."A.;-,    or.)     -.'-J    30;. 


li^ 


iii)  The    series     r  \/  V  ,'"'^R. 

j=0  J 

is   a   forrual    solation   of    (5»1)' 
iv)  lim        (X+(}),  )    ^     r 


Proof: 

i)  By  Lemma  1+a 


R      =   +    pV2  ul/2   ^    pl/2/>/ 
o        -  ^ 


since    the    square   root   of   the   unit  U   is  in  M-,  .      Hence    i)    is   true 

for  k  =   C.      Suppose    it    is   true   for  k   <  k    .      By    (5»2) 

(k  +l)ri  ^n  nk 

o  o 


■J 


o 

i,j   >  0 


e    i(zD)p^/2j^o/^ 


^   p-1/2  T pl/2jipl/2jj^^ 

i,j    >  0 


Wo    k    +1      ,  •  '  ' 

ii)  The  statement  is  true  for  k  =  1  since  ({'-,  =  P^^^t  •   Suppose  it 
is  true  for  k  <  k  .   Then  by  (5.3) 


'•iJ' 


CV; 


3  e     tyrl '  i 


■:  .c  X 


W 


L.  '■ 


'V^''l~'^'^<^('-)T 


;':. -.ic'i  I 


'i    + 


1$ 


'^k+l   -    -P        2\    -  ZK   *k   -  2X   ^k 

,  k  +1 

,n  K  .  •  n  T  /^      o     ^.^, 


1=1 


,       r  k  .       . 

k      .  ,  /„  k  +1  2k  +2      \ 

■^■n °p^^R.ip^/^i  °  M  +  PI  ^  ^;7J 


k„+l        ^n(k+l)       .  

e  P^R,   .  rZZ  °        - [\  ^  EZZ     H.R  ] 

^  k=l  ^        i+j=k+l    ^    J 


i,j    >   0 


+   P-V2  r— -         pl/2,ipl/2,j 

i+i>k  +1 
''      o 

i,j    <   2k^ 

T  /„   k   +2  T  /o   2k  +2 

+   P^/2j   o     j.^  ^   pl/2j      o     ^^ 


k  +1      /T  .  -,  \  T  /^  k  +2 


k_+2  ,,_  T  /^  k_+2 

^k 


:; "°        ;J^^R,      +     P^/2j    O       -^.;       ^ 

k=l 


iii)      Since      lira     I     (^  0,    i)    implies   that   )  p^R .    and 

i  =  l     "^ 
k  — >  CO  ■^ 

p^D  )  ^     f^R-j  k=l,2,...,  are  formally  convergent  sequences 

j«l    ^ 

substitution  of  v/liich  into  (5«1)  leads  to  a  sequence  formally 
convergent  to  0. 

iv)   By  ii)   lim   k  ^     P^h  .  ^   0. 

k  -^  oo  ^~ 


r 
'•• .: 


XT 


,.'!' 


' '  '.;  .\'r- 


t  .  .  1  .  r-. 


U  :■ 


>.7  Jl 


-"■~jK.r^ 


'  .ts-d;?   8?3xXqiii:    i  i    Jj 


.^rfri 


00   *- 


t.  ><<>i(^(^ "- ji     >  ^  ■  -    M 
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A 

Since  r  -  X  is  the  limit  of  the  sun,  iv)  follows. 


6.  Construction  of  Solutions 

\Je   nov/  solve  (5«1)  oy  successive  approximations.   Let 
(6.1)  r  =  X  +  \J/. 

Then  »]/  must  satisfy 

t  =  -  /   exp  j    -2f>         J   Ado  f    (+X+P  ^y^'^)as. 

V/e   choose    c   to   be    -s   p   ^      if  A   =  +   a  ^     and   t      if  X   =    -a"^/^. 

o'  o 

Ue  distinguish  those  two  cases  by  the  subscripts  "+"  and  indicate 
the  integral  equation  by 


(6.2)    4*  =  4^^  •*•  P'%(*^) 


Ive   define   the    sequences 


;);j°)  =  0 


(6.3) 


,(k.l)  ^^(1)  ,^^_^-n^^   (r_^?)]2)   k=0,l,2,... 


-  /.^~V  (jjr'rj  1-0,1 


Definition:   For  u  €.  M(0  )  let 


I  lull     =  3Up|u| 

-3^pl3<t<t 
O  [     *^ O 


Lemma  6a:  For  \x  (t  f^  {Q)  ,    the  image  of  the  ideal  \x~PH'.  :  )    under  L 


satisfies 


r^v:    .  vjr 


•<•     JOAi 


y  -'  'wl  .-.■■  -f  \:';  ''i    ■3\  i  ''0  -i  ■,  ■-;.; 


n\ 


i.X        _i       i.    ,i 

'■J 


■  ■■:■    *  ■' 


>..    J  .  i 


(o]. 


•»  •  1 J 


I^O^K 


■^^[^n^o) 


{ly 


_        V  .1 


JO 


I      ( 
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L^(u:^7(0^))c.  Ilzulllliri^)    .   L^Uu^zuJl7(0J. 

Proof:   Integration  by  parts. 

Lemma  6b:   If  u  e/j^f^)  and  z  ^C  ///(L.^),  then 

L+(u"/(C^))C.  ||zul||M(a). 

Proof:       If   z  ^  c:  "^^  then   fu+zu]  I  ^^/c  uJ.^J^ 

Also   Z" -  y  ■  &  /y.      Hence   by   repeated  application   of  Lermna  6a 
L_|_(ij>I)  cr    I  |zul|  |m  +   L^{mVtI) 


<c:||zuI|[H  +    ||zul^(|ll  +  L    (ul^/;) 

_  1 


C'^llzulil    +    llzul^ll    +    llzul^lll  M  +  L^(ul^^) 


I  izull  |M  +   L_^(ul^^  ,'^) 


k. 

i/M    1 


But  for  k  sufficiently  large  j}^i)\C.  zIMc 
Hence   L_^  (u^;;)c^  |  |  zul  |  |ll  +  L_^(2uIM) 

el|zui[[M. 

Lemna  6c:       |  |l_^(u)  |  |  <  C  p^~^^    I  |u|  |  ,  where  C  is  a  constant, 
Proof:   Since   nL+(u)||  <  Mu|(  ||L^(1)!|   it  suffices  to  show 
L+(p^^^'")  €  M.   By  Lemna  6b 


V  ■■: 


•  V  .,  1    1  V  .  ,  „ 


.>■:'  f 


tAB     ( 


1-:  i-~->i.. 


Ml  U.c;;..  ,  ' 


A    '.: 


;: ) 


I   ;..  -   ^ 


('Vfl-      -Tr,    I 


: :-  1  '    +     II'") 


.  i-i ;   .  ..i      r 


1  t 


;\r'l   oa'isl  \I.iaci.?';rn;,Ta    ?i    loT    :?uS 


■  4 


J      son-^H 
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y/2 

tllflTsll'"' 


Lemria  J+b   then   implies: 


+ 


I- 


Lemma  6d:  ^[^^e    p^  ^   ^"'^^I'KO^)  o 

(1) 

Proof:  J  =  L    (A).      Integrating  by   parts 

■T"  "T* 


^  • 


L^(A)    e    I  |zAl|  |M  +   L([X   +    z}.]ltf). 


But   zAI   ft-/// and    (X+zA)I  e  '--p?^. 


^  z 

Hence 


■C 


-  \  z      y 


By   Lermna  6  b 

Theore-.n  2.   For  /)   sufficiently  small  the  limits 

\|/   =   lim   (|/j^  '  exist  and  are  solutions  of  (6.2).   Moreover 

t     k  — ^^'^    -  ; 

-        -        ^   o  / 

Proof:   By  Lennnas  6c,  6d  and  (b.3)  the  sequences  ||v.   II  are 
dominated,  for  some  constant  C  by  ^  =0 


( -A  I 


,  M 
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t...-^^(p^'-"'*r'%)' 


The  last  equation  can  be  written 


*k+l 


2         2      2D 


\^       A 


(2.^J       C 


i. 

C(2. 

.   )A+y/2    /   C 

X    A^Y/2 
5/ 

Choosing  p     s 


o    small   that   C{2r  )A+y/2  <   ^^    C^(2P  )A  <   i,   vje  have. 


l„^i  1      1  /  f  N  A 


7w72  ^  2  -^  2  iizr 


\ 


K^) 


A+y/2 


It  follows  by  induction  that 


M^^y 


which   implies 
(6.5) 


11^(1  <(^)^-/^ 


Again   by    (6.3)    and  Lermia  6c,    for   some   C 


-'"   '''°)     (^1     l'4'""l'    • 


Cho 


A 

osing  p     so   that   2C(20  )         <   1  we    have 


.V-  >   \  V     +     /■ 


n^^clTT      o..   ii.^0    :;oxja'.-o3    ^5£;X    ao 


.'il 


;\v  +  ,    V 


'"■;-^-;  -•~(^'>)0 


\y 

T7\' 

,-, 

1 

"^ 

4 

o" 

"    i 

1     •  ■''•' 


\ 


I   ^  i,  ^    I    -J.  iri 


1 

A 

/  ■^■' 

! 

i 

-■-■  ,        • 

1 

.  'J 

-- 

i 

i  Bl  ■  ■.; 

■-\ 

,-     '_     '    ■. 

/ 

r, 

r  ...tr 


r 


'ii.      'v^d     Cll'Oi  lo':      C -i 


^^Ml 


20 


..A 


(6.6) 


u?^^^  -^^^^i[  <  (p-)  we'  -e^-'^ii  . 


(k). 


This  insures  the  uniform  convergence  of  ^^  ''to  solutions  ij/ 
of  (6,2).   Inequalities  (6.6)  and  (5.6)  imply  (6,14.), 


7.  Formal  Sclutions  are  As^.T^^ptotic  Solutions 

V/e  first  establish  some  estimates  involving  L  uhich  do  not 
involve  the  uniform  norm  |  |  |  (  , 


■  r^ 


Definition:      Let    ^^     denote    the   ring;  p;3nerated   by  M(i.-:  )    and 

-k  -n    '^ 

p"      exp-2p       1     >^(s)ds        k  =   1,2,...,         0 

Lemma  7a:   If  u  6  z"^?-"-/^!-^ ./?/' (CI  ),  then  for  each 

L^(u)  cs  F^^^l^-^^IPiO.^)    +  E^   +    p%(Q^). 
Proof:   Repeated  integration  by  parts  shovjs 


L^(u)  =  (u 


(1) 


(N) 


-n  I 


.t 


+  u'''')    exp-2f>  "  .;  X(a)dc 


-L,(v<^^b 


where 


^(k)  ^  pl/2jj+k;.^^  =  1,...,N 

^(11)  ^  ^-lpl/2jj+N-/^^  ^ 
This  implies 

L^(u)  £  pl/2jj  +  l,,,.^  c_^   ^   L^(z-lpl/2jJ^^^.^) 


But   for  N    sufficiently  large    z'^^F-^^^l^'^^^/^Co&M ,      S 


mce 


T'C 


.->.., 


.ij'v^)    ^I-;^T    (0,"::)    i-v.    ':>.:y]    ?o.r-f.;£K^ponr      .(S.o)    "-c 


f i:::j.C-,.'Xc,'-:    oljoi:j..iVRA    e'^t.o 


-c;jj.o 


!'i5^      Tr 


'::•    .-:,.:  :,!■      ,1   ^^lirj-.- 


?.  f?  J  ."r;  r  o' 


-;;» -oe    .iyi:  ■■JBctari   :ls'ii' 


if    t     «     (.■     ;    *..\  •    .1.         '"■■ 


E  •.:  X  r. 


v.. . 


■>:jCr    ,  (,   .. .;; 


-  ;  ■■     c  \   r 


fj-iB^.!    Yd   £:ol:isy->/.-^-:Cil.    b^:is^'^.is,'R      Viooi^ 


•.  a.  (•"• 


(rxcni: 
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L+(p^/!J5  '^-  f^f'l   the  conclusion  follov;3. 
Lemma  7b.  p'^^L^C^^  _^ )  (2  {^  _^» 
Proof:   Direct  verification. 

Theorem  3 :   Let  the  sequence   ^     be  defined  by  (5.3) •   Let  the 

(k) 

sequence    \{/  be    defined   by    (6.3)  •      Then   for   each   g   >   0 

^^^)  -  4(^0  <,  pl/2jk+l;,.(n  )  ^  -_^   ^  P^MCq). 

Proof:   Since  ■^^'^'    =  ^^°'  =  C  the  stater'ient  is  true  for  k  =  C. 
Suppose  it  is  true  for  k  =  N,   The  recursion  formula  of  (5«3)  can 
be  written 

2  .   nr 


p^'^N+i  +  2X  ({).j^^  =  p'(<[>N+i  -  <^h)  -  i>i^  +  p'^A 


This   implies 


W   =    ^i'^    ^   L-.^<^'n+1-^    -f^N^    ^    Vl^^+^^^P    -    2p 


Subtracting  the  last  equation  from  (6.3)  we  obtain 


^N-Hl  -  'i'N+l  =  ^tPllH-l  -  ^N  -^  P'^'^^N-^N^^^N-^^N^j 


-n 


r  t 

A(s)ds  . 


^  + 


-n  ( 


+  <|N+i(c^)exp  -  Zf^         X(3)ds. 


, o;        ''J.-..  •.  0. 


•^■^'^        .     m^-:) 


■Lr'XV    i. :■'-■•;  U. 


3'-,  •  J- ..: 


■  1  i 


-i     ;,:„•■._: 


■-,f-         f-i; 


.;-,f:  ;  Ji- 


.-.-sXl,. 


t  -J 


(O); 


J  OM'i   i. 


i'i;:i :'    '  f ,  • 


A^7;    +   ^^  '' 


rliiT 


)     .!    + 


j-fi;'' 


By  Theorem  1     ^-.^-^   -  ^-^^  ^   P^/^I^'""^/// and  (j)^^  e  ?^/hf>J, 
estimate   of  the    induction   hypothesis,    for   each  g 


^ 


N+ 


/  x 


+  L   f  k""(  [p^/^i^''^';/+  £^  +  p%i 


P"'"^^i,"v;+  c.  +  o%i 


+  6 
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Using  the 


^    L^(z-^P^/2jN+l^^,)    ^   L^(pG-n^.T)    +  L^{&^)    +6\      . 


By  Lemmas  7a  and  7b,  this  implies  for  any  g' 

N+1   ^ij+1  '  r      ;         + 

Since  g'  and  g-n  are  arbitrary  the  conclusion  follows. 
Corollary;   -j/^^  '  k^  ^   F^^h^'^hli^^)    +   6^, 

Proof:   Por  g(k)  sufficiently  lar.^e  p^^^^M  fc  p-'-/^I^'''-^M. 
Definition:   Let  CI  =Cl{t^,0,P^)    uhere  0  <  t   <  t^  and  f^<    C  • 


Lemraa  7c.   The  restr 


iction  of  0^,  toli,  is  contained  in 


P^TH^\)    for  each  g. 
Proof:   By  Lemraa  l\.h 


T. 


/'*   1/2 


>  Kl/2pV/2  I,.., J 


Fo 


r  t  t  Xi-  this  implies 


e;jj  ": 


■.\i:. 


.0  >'?  J 


I    '  Jl  r  I ; 


.'  \ 


) 


>k- 


\,-'i 


.--If  ;•-.   >.\a.  -  I      \!.: 


}         / 


^        I 


I.;   -I 


i     .;..     (VtV-  "''''^X' '  "''fi  '  ""■"  ) 


;j.(,-i.    ;: 


.u,     i.<;..- 


t   ;- 


-:>  -    r  ,  V 


•'  -■■   ^'■'  .^  ■ 


■■:;o     /'^'..--i 


s-'it?    ;T-,:j    hr  ;     5^. 


-  (.(.)m-^'"^-j:'  ^-'^i  :i  .i 


'^> 


■V 


».  •■-j.o;j 


i  J.  ""  .1.  x  i      — ~— 
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exp  +  p-"^  r*   pl/2d3   <  exp   -  x'p"""^  ''^^   "^  ^^ 

»   -A 
<  exp   -  K'p  ^-^ 

By  H2.,  ^  >  0.   Since  p"^exp-K'p '^  ^  Ild^)  for  each  g  the 
conclusion  follows. 
Corollary;   On  LjU 

^P^)  -  ^,  6  pV2ik-.lj^(0). 
+       K  1 

Theorem  Ix,      Le  u   r      be   the    solutions   of    (5<>1)    p;iven   by 


r^   =  +\  +   \li^    . 


:'hen   for    (t,p)€Xl  . 

k 


Proof:      The   above    difference   can  be  written 

By  Theorera  2        ^^    -   ^j^)  ^  ^^A-^r/^^'^^Aufl^)  , 
By  Theorem  3        ^f^'^    -  <i)-^-  <^  P^^^I^'~^'*'^H(i-^)  . 

By  Theorem  1        ^^^    -  TUl  ^       ^"r  .ep^/^^^^^llK-C  )    and 


^=..l,,lP^^^R.  6   pl/2lk*lli(q) 


IS-. 


■   t>    \ ' 


..J 


»    V  -/  L  ■ 


■■■■I 


■--.  X 


•.  ^ 


■J    ,- 


'.■'-:    ■:  0 :..-,.  1 .._':  n    t  ,  .j'l^:    ^^ 


.  J;. 
r 


/ 1  • ',  (■  1  .■  "1 


.(,>0; 


^ 


.  <^).  . 


t=   .'.;  u'l.  o  "5 


-^Ti     ,,f: 


2h 


Supposing  without    loss   of   generality   that   N  _>   K  we   have 


Choosing  N   so   lar^e    that  pA+Y/S+NAe   pl/2jk+lj,._^      ^^^   conclusion 

follov>rs. 

Corollary;       Relation    (7.1''    i/aolies    the   weaker    statement    that 

CO 

Lenuna  7d.      If   u   €  T'^'^^r^'^h'i,    k   >   1   then    p^  j     °  uds  e    A^ . 

^  t 

T,        ^r.  ^-n  Co.     .  f   o    -nk_-k/2      -k-l,,. 

Proof:  f        /       uds  c  c      ?      '       z  Kds 

^t  Jt 


e  nnkp-k/2  r^o      -k-1 


pnkp-k/2  / 


z  Mds. 


Since    z    is   positive   this    iraplies 

V*        J 


-'t 


Corollary;      For  k  >   1. 

k+1 


(7.2)      p-^f  °   r   ds   -  ) ^      p(^^-^l)   /'    °  R,  (+X,s,p)ds   c-   I^^\. 

We  have  also  determined  solutions  of  (l-l)  which  we  take 
to  be  those  described  by  the  xundamental  matrix 


-a5 


■-'    ',     ^tCri     ■-   r  rj_::)^,oi:y\     "' .'    P;u.[     71.1  Oil.;?  I  U    .-'■iir-.orc'-.'C. 


l-K-:,  „>     .:. 


\y^'\^-r 


r-  ■ 


a^-.;r.;jiOAi^..  ■■>    •.;.  a 


,-^^^..^\s  ./^,^'■::;\-A, 


1   ,  • 


.6viO.L..  :;nr 


i,r:y.  .o 


»  SiJ'.'j 


..:^V   .c  i 'laJ 


BXilvi    9v,  f-,.:    a   fonxg 


^  t,;:;.. 
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(7.3)  w  = 


exp 


0 


ds, 


n 


Since  it  is  asyiiiptotic  formulas  for  solutions  whic.i  are  of 
greatest  interest,  we  refer  to  these  solutions  only  indirectly 
in  the  following  Theorem,  merely  asserting  that  such  solu- 
tions existo 


Theorem  ^ .   ( A.s^T.iTtotic  Solution  of  Equation  (1.1)  ) 

Let  the  ecuation  (1,1)  satisfy  conditions  HO  throur.h  H2, 
Let  the  sequence  R,  (X,t,p)  be  p;iven  by  (5.2).   Then  for 
0  <  t  <  t   and  for  J,  sufficiently  snail,  on  the  domain 

Qt  =  j  (t,p) :   0  <  t  <  t^  <  t  ,  0  <  f'  <  p.]   ,    there  exists  a 
1   c'T'     —   —  1    o     r      '  1 ) 

fundamental  pair  of  solutions  Y  for  v/hich  the  matrix 


Y  = 


y. 

y. 


satisfies 


-nrh 


n.k)  T  exp  p""; 


R  (-a)  +  p"r  (-X) 
o     '   1 


ds 


\ Jn 

j=oP 


Rj(-X) 


c.:p  f^l 


_k+l  ft. 

I 

".1=2  4 


R.(+X) 


R.(-X) 

«J 


ds 


1   0 


^  I 


k+1 


0   P 


1/2 


M, 


I     ' 


-■  I 


*     *    ..   « 


r     \ 


•./    ':.'■ 


n.-iii^,  ...::m  ;. 


!.„<- 


(^+)^^A,4.(X4-)^.R] 


>>  \     C  X  ■■ 


:•& 


where  II,  has  elements  in  M(.-.A  )  for  each  k. 

Proof:   i.'e  show  that  for  O,  sufficiently  sraall  the  matrix  _U  of 

A+y/2 
(6.2)  is  non-sincular.   Theorem  2  implies  ^_^  c\j      M  which  i 

turn  implies  X"  ^_^  C-  ^^il.   Thus 

/I    1  -.  (1  l^.   TA    0^. 


\r^    r./   \X    -X/  !^\0    l/   •    _^ 
where  H  has  elements  in  K(Q).   It  follows  that  for  ,0^  small 

I        )+  p-R  is  non-singular  and  hence  V/  is  non-singular. 
^0     1/   '  ^" 

Equation  (7.1|)  is  a  direct  consequence  of  (7.1)  and  (7.3). 
Remark:   Since  t,  is  any  nuir±)er  less  than  the  original  t   this 
result  is  global  in  t, 

8.   Solution  of  the  Connection  Problem^ 

i/e  observe  that  Theorem  5  gives  an  asyraptotic  description  of 
Y  (t.,;))  uniformly  on  the  t-domain  0  <_  t  <  t  .   The  form  of  the 
remainder  in  (7»H-)  shows  that  our  asymptotic  series  behave, 
roughly  speaking,  like  asyraptotic  power  series  in  I(t,/0).   For 
example  if  t  is  restricted  t'->  the  domain  0  _<  tp  <  t  <  t  ,  then 
I(t,p)  =  0(/?"),  while  at  the  other  extreme  if  t  =  C, 
I(t,r)  =  O(c^).   Our  object  is  nov;  to  make  more  specific 
assumptions  about  t  and  by  inserting  asymptotic  expansions  for 
individual  terms  in  (7.I4.)  to  obtain  expansions  of  tlie  form  given 
in  Section  3« 


n :     ;■"'-:' 


Bxrjc? 


ii 
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Me  vixll    sho\-i   that  v/e    have    to   a   large   extent  reduced  the 
problem  of  determining  the   asjinptotic   behavior   of   the    solutions 

of    (1.1)    to    the   elementary   problem  of  determining  the    asy.nptotic 

2 
behavior   of   fhe   roots   of  X      -  a   =   0.      \,'e   attack   the   latter   problem 

in   the   folloi;ing  definition  ahd  Theorem. 

Definition;       Let    j'Z  ,  j  ^ ,  .  .  , ,  Y       be    real   nurabers    such   that 

0  =   6      <Tt    <  ^^.    <  V,  <"*     <    ^  . 

o  1  1  2  p  p 

r. 

Let  T'^=a      =0<>'<o      ^    <  T     ^    <   o      -,...<c      =  T    =    7^ 

p+1  p  '^p  p-1        '^p-l  p-1  o  o  1 

be  a  subdivision  of  [0,t,J ,  where  for  1  ^  k  <  p 

and  s.,s'.  are  positive  variables.   For  £,  sufficiently  small  vje 

J   J I  1  ' 

can  suDjose  that  s.,s'.  rant'e  over  a  closed  interval  J  of 

tL. j»   J  U 

positive  numbers  containing  1 • 

Let  I  .  be  the  domain  7'.^^    <  t  <  X  0   <    O  <   p        s  .  ,3  ._^-,    ^  J 
J  J  +  J-  —   —  "J*      /  —   ±    J   j  +  J. 

for   0  <  j  <  p.   Let  I'.,  I 'I  be  the  domains  T.  _  <  t  <  a., 
0   <   P  <   P;j_,sJ.,Sj.^^  e  J  and  o^  <  t  <  r.,    0   <  P  <^^, 
s  . ,  s '.  (^   J  respectively .   Let  J   be  the  dona  in  0  <  P  <  P,  , 
s.,sj6j,  j=l,2,...,p. 

Theorem  6.   For  p,  sufficiently  snail,  on  I . 

(8.1)   ^1,  =  a(t,p)  \f^(^P^^^^o.^(to^i)i  .  1  e    P^JM(lj) 

where 


v^ 


:5  ',  ■: 


■J.  '>.:'  Ji.'.-^ii    ■:v.L:?.i. :;...' I, 


^      "      !.i 


«    '■^. 


-  -      I.  -  I 


'-.J         .:  •-. 


-'    C.   £-.;_ 


"1         .    ■:.  .  J 


I     r 


•l      -^ 


*  -r 


o  i:.-  ,    .., 


jL+r       ' 


-.7k,,o  >    ; 


>     ' 


28 


mind, 6^ -'r^,^''^)  j  =  0 

I  min(l,^'  -  6  ,  ,)  )  j  =  p. 

Proof:   Suppose  0  <  j  <  p.   By  Lemma  l^a 

where  A,  e  z  M((i^)  for  each  N.   The  polyiiomial  s  -^a-Cs)  has  a 

pole  of  order  n .    -.    at  oo  and  a  zero  of  order  |i  .  at  0  and  has  no 

J-1  J 

zeros   for    s   >   0.      It    follows   that 

Ks''  0<s<3'. 


s      J'a:^(s)    <  i 

iKs      "^  s'.    <s<oo 

\  J 


where  K   is    a   constant.      This    implies 

(8.2)  if     ntp      Jy    JajVtp     Jyj 

is   contained   in   the    sets 

p    Jytp     J/  Jm(i».)  =  p    Jt  Jm(i'.) 

/  p  j(tp    j)     J"^Mi':  =  p   J'^t  ''j"Vi(i"). 

y. 

Cn  I    z  e  p  Jm(I.)  and  (8.2)  implies  the  weaker  estimate 
■'  .   -    ^      J   I        f^       J 


Hence 


(  y  .  ..(-  /S.  Mni;'!' 


1     '  '^  '•,'Vf 


^,'..0^.^/ 


V.    ^.::fi 


'•    e.    1  -..;.  •'•: 


ou  o;i'.'     .;i  j;io  -xo'i  ( ,;..); 


:j   ,/'.    s't^riM 


or    :-'M,.i    ;■)•■'.' 


Aj        tJ'i 


••■'I. 


./o  !.j 


<     ?      -I 


;   'A     :.<i  ," .-.y 


^']ru.    :il,}\ 


i.,/i-£;/!'>0    ,:     ?^.*     /I     iJ^i'ilW 


,.,1.         U.  ^   -;    j   l*  •-■>     /• 


S.o) 


■iies    OiiJ    ax    beiu.>r.:i .too   si 


...  .  <^.- 


iff 


.       v_         / 
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Since  i  .  >  0  and  li    is  arbitrary,  the  above  expression  is  '^  0 

J 


on  Is    and  it  suffices  to  consider 


(8.3)   Qj.  =  P^U^  j  p  J^tp  J^  ^j^P 


-6.-  '  -1 


-1. 


It  is  easily  seen  that 


-6An.    ,_.6. 


• 


p^jQp'  J^^Ja/^^^"  j'^  =  U,(0,0)    r P,,(0)t"^f^. 

J  -^      (k,m)fS.  "" 

The  functions  p  (p) »  U,(t,  p)  can  be  represented  in  the  form 
/p  (p)  =  P  (0)  +  pp  ,  7  6  C°° 

U-^(t,p)  =  U-j_(0,0)  +  tU2  +  pu,  ,  U2,u^  e  c°° 
Inserting  these  representations  in  (8,3) 


-   IIZl[('u  (0,0)  +  tU2+PU3V^t'"(Pm(0)  +  pp^)-U(0,0)p^(0)p^t 
(k,m)eS. 
Q.  -     — — — 

^  U,(0,0)  5   ~  P^(o)p^t^ 

Ut(o,o)     r7  P^(o)p^t"^ 


mi 


This  representation  implies 
»   (k 

(8.3)   Q.t— J — i-^ — nn;^ 


r:  p^t^^uij*    ri  ipV*^K(ij^p^"H'^-i(i.)| 

^mTclNS^       J   (k,myrS^C J JJ  ^ 


yi" 


*if>L\':ui:i..v<)   ■■'''■''    «!^'s:j:l■iyfc    cfx   .!>i';.f    ,  1    n 


iO 


\5', 


1     V 


TT..'-( 


*  -V  V 


V^' 


y    'w^  >«"■  ssi»'5-j 


V  S '  1 


iVVi;:;"i      ■">;';     r:_r     ;.  i^y  a33'?7  s  - 'i     S'.-     -''-i^ 


"■  i 


1-'^-iy'>    ^v-^-J 


0& 


■.^^H 


"i    3 


'-'-', . 


I'  '•  ■<  c   ■     J     >-■ 


if 


'    '..I    i.ftc.i  3 B.:;f!.^>ee'iq^':i   '^B^:^iJ    s,n;. ^''J^i^/Ji 


r 


y^->-4|^iB>*>I^M^t>/|i*i.i  \  ■»c^™n»»»i  yw 


'^••-'-V"^'?*'*" 


C        \t   ^  ,,   :. 


I* 


iS«^}rU 


(0,0), -u 


— i-"y»"Vfr-' . 


)if' 


J.    •  '    i 
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This  representation   iraplies 


(k,m)^N-S  .                J       (k,m)6_  . 
(8.3)      V.  ^  "^—^ r^ 


P  ^t"l;(I.)^r—  {pV^^I.dJ^^^^^t'^.d.)} 


"•^  U.  (0,t)   ^^        ~"   p^(C)o^t"' 

We  consider  the  sura    }  p   tHid.).   Suppose  (k,ra)  is  on 

(k,m)tN-S  .       ^ 

"^  \^  ^^    i+c.   -|j. .   -1 

a  side  of  N  to  the  left  of  S..   Then  pt^if-^'        ^"^t      ^'^      ) 

m-i). .  ,  -1 
has  as  a  factor  the  non-negative  power  t    •^"    and  is  therefore 

an  element  of 

k-K..  T+^.  T  (^ .    -,\ia-u. .    ,-1 

k+m  6.  ^  -Y  .  T 
=  p        J-^     J'Vidj.). 

But  the  point  (k,m)  is  not  below  the  line  describing  S .  -,  . 

k+m6.  -, -^. 
Hence  k  +  ^j.^i^  -  7 -.^^  >  0  and  p    ^""^   •^'  ii(I  jCMd  . ) . 

Thus  for  (k,ra)  f.    S  uS,...,uS.  -,  . 

(8.1+)        t'^p^  e  '^  J-^  J-H  J-^  ^^(^j^- 
Similarly  for  (k,m)  on  a  side  to  tt.e  right  of  S. 

(8.5)  tV-  P  ^   ^'^t  J   ud.). 

Relations  (6.3),  (O.lj.),  (8.5)  imply 

)  )   k+l.m,.,T.  x^  k.m+1,  ,^    A 

(kTTTFs!^  tVi(ij.)+p"t   P(ij.)j 


Q 


I  ^ 


J        TT  /n  r,\  T D  /r,\^.l^*.m 


Ut(o,o)  ^;    ~  p„(o)p''t 
(8.6)  ^       (kTT;iy€s "" 


o    ^    ^      J  H  J  -^  H(I^)+P  J   -^^H  J  M.(I  ) 


'.:  •-:.'.   I.'.''.  ...      -l:!  I  ■ 


^iet   RXii 


I       ;■ 


,;^i...X->/ 


r        ' 
I, 


I    ,  .  i      J 


.\--:) 


.;.  *r^) 


M     ^i civ:- ■:■;.-!. 


f.-'-'    '    •■ 


■vi^u^-.' 


0>T.;r:">e-'f  !-.n.. 


M-.S 


>j     ':.  J..iV 


•■).:■■'"'■ 


'to    >j  J '  :.■;.'.■>".•  > .  "j    iis 


,.    ..  d  gni'.-x'^sauL-    3rrxi    *i'd    \^^i<~c    :>o:.   zi    {-h"''^)    ''rt.i.oo    -iui   :)jJ'' 


).:;>(, Drt-^-f'      -^ 


''  -  ^  .c'ms+^.; 


.  Zss , ,  .  .. 


i.u;,-'^!    ■lol   ei,'!T 


■if>.\it    " 


(m  »■':'' 


(^.B) 


^1   ,{i.-.: 


;  f   ■  ■ 


.  yi 


■■k>.  ■ 


n 


On   II    (8.3)    and    (fc.6)    imply 


k-k^.+l  m-n  .  k-H.  la-n  .+1  ,  T 

Qi\e        r         ).^      -^     t      J;. (I'.)  +  p      Jt      -^    :.(i')    { 


*'         (k,m)eS^ 


^  .  -r  . 

On   l!    ,    ttp    '-^Ld'.)    and   t""""  ^   r        •^^"'■i '( I '  )  .      Hence 

k-)C.+  l   +    (rr.-p  .)5. 

lie    ZZZ"  '-"      "^  "^    ^Md'.) 

J       (k,n)c:3.  J 


k-IC.  +    (i.i-ii.  .+1)  5. 
)~~      p      ^  J        Jr(i') 

+    (k,r.}6  3  '  -^ 

«i 

p.    ,-f.    ,-K.    +    (i,  .    ,-!,,  .  +  1)8. 


*P 


^•i^i"^J^l:(i..). 


Using,  the  fact  taat  for  (k,i.:)  £  3.,  k  +  ^.m  =  y.  we  can  reduce  the 

<j        J      J 

precedint-i  estimate  to 

^.         5. -6.  .         '^•-^•. 


Q, 


Hence 


«.€  pi. (I'.)  +  P  h:{i\)   +  p -^  J'-'-i.d'.)  +  p  ^     J'^-'-Md'.) . 

J    '       J  J  J  J 


min(l,.3  ,6-6    5   -r    ) 

Similar  reasoning  shows  that 

ruind, ")'.,)  .-6.    T  ,^.^T--^.) 

J  ^  J 

e    corabine    these    tv;o   estimates,    observing   that 


rf 


vXqii:/    {d,'i)    bus    iC»3)    ?i   f-C 

f       > 
(  ,  -  -,    r.        4      [.        ..      7 


I     :     '. 


,..;    ^    ^-     -^■-     .'•     >    ■      '■' 


n  •  i^^  •        i    ■-■  ■'"":'    bin:.    \  '  n-;'-      '•  -  ^    .    '  i    nO 


■•      ~v 
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and  tnereby  obtain  the  conclusion  of  the  Theorem  in  the  special 

case  that  0  <  j  <  p.   The  two  remaining:,  cases  fellow  by  sli^^ht 

variants  of  t'ae  above  ari^,UL.ent  wtiich  we  omit. 

Corollary:  On  I.,  any  pov;er  of  a(t,n)  has  the  asyr.ptotic 
expansion 


a''  .{;h.i%\(^,-%] 


k       /I 

oo  /k 

HZ 


J 


Proof:   Since  ^.  >  0,  for  p   sufficiently  siaall  |q  |  <  -^^ 

which  implies  the  stronger  result  that  the  above  series  is 
unifornly  convergent,  in  addition  to  being  formally  convergent. 

The  proof  of  our  final  result,  Theorei.i  7  below,  consists  of 
a  constructive  procedure  for  explicitly  solving  the  connection 
problem.   In  this  construction  we  require  the  following  notion 
of  a  ne~li:,ible  fortaal  series  (see  van  der  Corput  [I4.]  )  • 

Definition:   For  fixed  j ,  we  say  that  a  formal  series 

P(p.s,3i»«.  .»3,sj_.  ..s.-j_,s'  -]_,.. .,s')  on  j'""  is  negligible  if  some 

positive  N 

k=l  /  -J 


where  P,  ( s )  ,  Fv  ( 3 )  are  fornal  pc/er  series  in  s    without  constani 
form,  the  fJ"'  '  ^re  fornal  :3cw.  r  series  in  s  '   with  only  nerative 
exponents,  and  f,  ,  f.  and  tlie  coefficients  of  F^'^v'^k   are  proper 
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...J -oot/i     ,.'    i.r. L:;;c    i::rj,  r    ti- 
ro rja^ii/:jo    sdi    ";'^  'Ivy    I,!;- J'io '.  !. '.^is    '<.■:■"].    ;;'•;.'">. 


lv.)':c!    cfriT 


J.  .J  ^, •■.-.. 


-  xr  "    nl       <  lie  f ..  ■.-■■•in 
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forraal  po'?er  series  in  a  fractional  ^oMcr   c£  p ,      The  terra  "negli- 
gible" is  jUGtii'ied  oy  tae    rollouinc: 

Levai.a  6a ,   If  F  is  a  functicn  on  J "  uhich  depends  on  {p,s\)    alone 
and 

P(^,sl)  -  F^^^p,sJ)  +  f(2) 

where    F  is    a    formally   conver  .ent    series    uiiose    terns    are 

(2) 

functions   of    ( c  >  s  O    alone    and   F  is   ne.:;lir.ible  ,    then 

(2) 
Proof:      F^         can  be  v/ritten   in   the   form 

p(3)    ^^-^ ^        ^^.IT P  in     (3)   +    !'*(s,) 

il=l  !:=1      (^ 


+     b^jj,    log     S^.    +     b>c,,     log     S^     I 

J 

where  f..,  f"  are  finite  fori.xal  oo^er  (Laarent)  series  without 
constant  terms,  b  ,b''  are  constants,  f-/'(s)  e.   b.'j   =  0,  and  the 

J  J 

sequence  ^^  is  strictly  increasing  to  oo  .   It  follov/s  easily 
that  F  -'F^-"-^  +  P^^^  and  F^^^  C  0  <^=^F^^^    C^  0.   The  relation 


\/ 


pllJ  ^  pi  J  J  ir.iplies 


p  1(F-f(1))  ^  ^=',=1  1  'ik  "  f'lk  ^  ^Ik  1°G  s^^  .   b-^^^  log  S.J 

r  -r 

where  F,^    is  a  suitable  partial  sum  of  t;.e  forr.ial  series  P   • 
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Since  the  left  hand  side  depends  only  on  (p,3')>  this  inclusion 
implies 


k=l^ 


which  clearly  implies  \^^^   =  f^j^  =  b^^  =  b^^  =  0.   Finally, 

induction  shows  that  f^^   =    ['^y,  =    b-j,  =  b"'   =  G  for  all  N, 
establishing  the  desired  result. 

Theorem  7«   Let  t  =  s  p  '' ,   On  I  .  the  matrix  Y  of  (7»1+)  has  an 
asymptotic  representation  of  the  form 

C^'^'^P)  0     \        /qi^'Ns,p) 
(8,7)   Y(t,p)exp-p'"[  |exp-p" 

0       c[^hp)l  \  q^J^3,p)y 

where 

-J- 

!•      Q^  "^      is   a    forraal  matrix   power    series    in   p   *^J       with  coeffi- 

oo 
cients  which   are   C        _in    s   for  0<s<ooif'j>0  and   for 

0<s<t^ifj=0  and   q^"^    (s^p)    is   a   polynomial    in 

1 

'     *•  with  similar  coefficients. 


2.  c_^*^   is  a  function  of  n   alone «   Let  o  =  1cm (o  , . . .  ,o  ) 
c^*'   has  an  asymptotic  expansion  of  the  form 


U'-- 
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(8.8) 


where    f^*^    ,    g  are   formal   power    series  with   coeflicients  x^rhich 

can   be    ej'.pressed   explicitly    in  terms   of   integrals   of   the    form 
(independent    of  p  ) 


a{j/2(s)3^/2d3      ,      \    "    a[J/"(s)s"^"d3 


^^      h/2,^,    i/2. 


(8.9) 


J    ^ 


L 


s      cIq(s 


h/2 


F(s)d3      ,      P(s)    G    c'^O^tJ     , 


or  suitably  defined  finite  jarts  of  these  intsF.rals  in  cases 
where  the  indicated  intef-ral  diverges,   ^ere  0  <  k  <  p  ^nd 
h  and  i  are  sir.ned  intef-ers. 
Proof:   Let 

(8.10)  c^-J'  ='\    ^  r^(9,p)d© 


■I, 


Then  (7.3)  can  be  written  in  the  form 


(8.11)   •.;  ex,:)-p 


-n 


(J) 


0 


0 


(j) 


ex 


9-f 


.-n 


r^   0 


0  ■  r 


d9  = 


1   1 


^   ^. 


I  . 


1.  I'e    sho;/   that   r_^  ^  r  d9    ".ossess   as^^TTiptotic    series   of   the 

kind   specified   in   1.      To   shovi   this    it    is   sufficient   to    show   that 

ft 

RK.(+^.t,c)    ,     J,       R    {+\,9,p)dQ   possess   as^iaptotic    series   of   the 

aa.ae   kind.      The   recursion  foriuula    (5*2)    for  R^   shows   that   R,     can 
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■.^^■:^:v  :^d-. 


it.oc:    I/ii/r'?;'';    ■^■">:j:     ' 


^•'H        A^:-.. 


I   a-^-Ciiv- 


V  ^  '/  ■■-  ■*/  ^,  ^  '-'  ^ .  .       i^^  "^  I .       -    -  VjI  ■  -       •":.-'      i  '  •'^  .. 

V        "j '      i"  -^  f^  h  r*"  '■■••  o  '"i  f-  /"'  '■  * 


<.;\.J        "^ 


^  >; 
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)re 


be  written   as   a   finite    sum  of  terms   of   the   form  a  ''^  h(t,p)    whe: 
k    is   a    signed    inte£,er   and   h(t,p)    is   C        for   0   <   t   <   t,  , 
0   <  p   <   C-^*      rioreover   each   such  h   possesses   an  asymptotic    pov/er 
series    in  p  with   coefficients    in   C°°[0,tj  .      Hence    it    is    sufficient 
to    show   that 

s^^^isp    \p)hi3p'^h    ,'       SL^^^iQP^Kp)h{9)d9    ,      hec°°[0,tj 

possess  series  of  the  same  kind.   The  integral  can  be  written 

6  1  r^   k/2   <^i        <^i 
p  J  /   a^/'^(p  J@,p)h(p  J©)d©. 

--'  s '.  ' 

V 

By  the  corollary  to  Theorem  6 


N=0  \ 


N=0  \  N.> 


3  "^  a  .  (  s  ) 


a(sp  *',p)  -  p  Js  *'a.(s) 


J 
-i:N 


k/2-N 


But 
1_ 


(5 


Y,-  Pi. 


N 


Oj 


h(p  ''s)  is  a  C   function  of  s  and 


p  .      Since  it  possesses  an  asymptotic  power  series  expansion  in 
P         it  is  sufficient  to  consider  expressions  of  the  form 

(C°°(0,t^]  j=0 


3  Ja-Cs)]     h(s)  ,  /    s  Ja.(s) 


'J 


h(s)ds  h(s) e 


C"°(0,oo)  j^O. 


But  s'.  does  not  depend  on  p.   Hence  the  above  expressions  are 
functions  of  s  alone  belonging  to 
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,oo 


(0,oo)  (or  C^  (0,tj  if  j  =  C) 


These  are  trivial  instances  of  the  kind  of  asyiiptotic  expansion 
appearing  in  our  conclusion  v;hereby  vie   conclude  that 


r^  ,      r^dS  possess  asymptotic  expansions  of  the  asserted  forri 

-     ^°j   - 

v\'e  let  q    (sjp)  be  the  partial  sura  of  the  expansion  of  ,   r  d© 


2c 


a  .    - 
J 


including  all  terras  of  order  <  2n  c.      in  p       •' ,   ''e  let  ^(3,0)  be 
the  formal  series  which  is  the  asyiiptotic  expansion  of 


1    1 


^+   ^. 


exp  p 


-n 


0 


r^d©  -  q; 


(j) 


rt 


j^ 


r  d© 


-  ,(J> 


This  establishes  1,  which  asserts  that  the  solutions  of  (2.3) 
obtained  by  raeans  of  transf ornoa'Cion  (2.2)  .  from  the  solutions 
of  (1.1)  given  by 


r    r 
+ 


exp  'J 


-n 


Ja 


0 
r 


d© 


have   asyr.ptotic   representations   of   the   forra  given   in    (3.1).« 

w 

However  these  expressions  are  more  easily  ootained  by  purely 

formal  procedures. 

2.  As  in  the  proof  of  1,  it  suffices  to  show  that 


F(p,Cj)  =  /   ^  a-'^2(t^^^)^(^.j^^   ^   ^(^^  ^  C°°[0,tj 
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has  an  expi^nsion  of  the  asserted  forru  for  any  signed  integer  N. 
Je  write  F(p,o.)  in  the  form 


■J 


-6 


J 


(8.12)    F=f   J   I       a^^^/^(©.i  ^)h(©n'''J)d© 


-l(  ^kf 


'k-1 


-J-1  ) 
"k=l  ^^ 


(h 


a'^/^(9p  ^,o)h(©f"^')d9 


■^kp"'^ 


-a 


P 


■  k 


v* 


'"'k-lp 


'k-1 


^, 


a^~^/2(Q^-,  k^  )h(9p^)d©  - 


"we  note  the  behavior  of  the  lir.iits  of  integration  as 
p  -A  0,  namely-T^_^p   ^  -^  co  ,  X^P   ^ 


-^  0.   The  representation 
(8.12)  makes  F  appear  to  depend  upon  the  variables  s-, -,,...,  s  , 
etc.   In  fact  we  could  elirainate  this  forr.ial  dependence  by  making 
definite  nur.ierical  choices  for  Si.»sJ'.  and  r,  ,   However  such  a 
choice  would  be  most  unwise  since  it  v;ould  force  us  to  compute  a 
great  many  qualities  which  have  no  bearing  on  the  final  result. 
Leionia  8a  insures  that  v;e  may  neglect  nil  nefligible  formal  series 
which  appear  in  asyrnptotic  expansions  of  the  individual  terms  on 
the  ri; ht  hand  side  of  (8.12).   Thus  to  establish  the  conclusion 
of  2.  it  sufiices  to  saow  that  each  term  on  tlie  right  hand  side  of 
(8,12)  has  an  asymptotic  expansion  which  is  the  sua  -of  a  series  of 
the  fom  given  in  our  conclusion  and  a  negligible  series* 
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•  ;e  again  apply  the   Corollary  to  Theorer.i  6  and  argunents  used 
in  the  proof  of  1.  to  conclude  that  v/e  need  only  consider  inte- 


grals of  the  form 


-b,       N^ 


N. 


k 


a,   ( s)  s   ds  , 


1 


r  s' 


N. 


_^  a,   ds  K  >  0 


^k-i'= 


r 
^1  I  '' 


3      a^( s) 


1   - 


11/2 


■(s)ds   f  (s)  e    C°°  [C,t^J  . 


■  e  consider  the  soecial  case 


(6.13) 


-^::-r 


^1    ^2 

.T  a,    (s)  s    ds 
"  k  ^ 


where  we  suppose  that  the  integral 
(8.11).)     !    CL  ^(s)  3  2  da 

exists.   An  asyraptotic  expansion  for  (8.13)  is  readily  cou.puted 
by  writing  the  integral  in  the  form 


-6. 


i 


k 


■^k 


Tv^ 


I  • 


Inserting  the  formal  power  series  expansion  for  the  integrand 
in  the  second  integral  shows  that  its  asji.ptotic  e;. pension  is 
negligible.   Hence  in  this  special  case  it  suffices  to  compute 
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the    integral    (8.II4.).      If   trie    integral    (8.II4.)    is   not   convergent  we 

define  a  finite  part  of  tae  integral  by  subtracting  a  finite 

-1/2 

power  series  in  s  '   containing  only  terms  of  exponent  less  than 

-1.   This  permits  duplication  of  the  same  argument  except  that  we 

-S, 
must  now  add  to  (S^lU.)  tlie  integral  f ;-cm  7",  p    to  3'.  of  the 

finite  power  series.   Since  this  integral  is  of  the  form  C  log  p 
plus  a  negligible  series  we  can  again  draw  the  conclusion  that 
the  integral  has  an  expansion  of  the  desired  form  which  can  be 
expressed  in  terms  of  (ClLj.),   Similar  arguments  apply  to  inte- 
grals of  the  two  remaining  forms.   Finally  making  the  particular 
choice  sJL  =  1  for  all  k  ,  the  last  conclusion  of  the  Theorem 
follows. 

Remark:   All  of  our  asymptotic  statements  thus  far  have  been  de- 
fined by  sequences  of  ideals  or  the  relation^.   We  fall  back  on 
a  vaguer  notion  of  "asymptotic  description"  in  our  final  state- 
ment, which  can  be  easily  explicated  by  making  suitable  assump- 
tions about  the  initial  values  which  appear  in  the  folloirfing: 
Corollary  (Asymptotic  Solution  of  the  Initial  Value  Problem). 
The  solution  y(t,p)  and  its  derivative  y(t,  )  specified  by  the 

« 

functions  (initial  values)  y(0,p,  y(0,p)  are  described  as.ymp- 
totically  on  I  .  b^ 
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Proof:   The  unique  solution  specified  by  initial  values  is  des- 
cribed by  the  vector  (see(7.3)) 
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which  can  be  written  in  the  form 
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Since  the  asyiiiototic  behavior  on  I.  of  the  expression  in  brackets  is 


described  by 


,(j)  exp  p-^ 
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the   conclusion  follov/s. 


9.   i.'liat    is   a   Tur.iinf:   Point? 

It  is  easily  seen  that  if  any  a,  has  a  real  zero  ",  then  tn.e 
condition  t  =  ;;  "'^    forces  our  for.  .ol  .procedure  to  break  down,  or 
granting  our  hypotheses,  if  a(t,p)  is  holomorphic,  this  breakdown 
occurs  when  '  is  a  complex  root  of  a..   It  seens  natural  to  say  that 
this  condition  describes  a  turning;  point  phenomenon,   A  turning  point 
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probler.i  can  be  re£;arded,  not  as  an  anoiaaly  in  the  solutions  of  a 
differential  equation,  ;;iiich  are  usually  i/ell  uehaved  at  the  turning 
point,  but  as  a  failuri  cf  the  r.xeans  v/hich  we  use  to  get  hold  of  the 
asji.iptotic  beaavior  of  solutions.   Evidently  the  possibility  of  such 
a  failure  is  conditioned  by  the  means  v;hich  v/e  have  at  our  disoosal. 
Since  the  preceding  results  are  obtained  by  a  sir.iple  extension  cf  th( 
resources  of  non-turnin^j  ^.oint  methods  (essentially  the  adjunction 
of  the  roots  of  X   -  a(t,p))  and  since  ue  have  strong  evidence  that 
such  proolems  can  be  treated  uith  satisfactory  generality  (at  least 
in  their  formal  aspects)  i/e  prefer  to  consider  the  problem  treated 
above  as  a  non-turning  point  problem. 

However  there  are  soiiie  interesting  joints  of  contact  with  turn- 
ing point  theory.  \!e   draw  a  resemblance  to  cor.i jarison  methods 
(see  Trdelyi  £l]  )  './hich.  e;w:-loit  the  resemblance  of  a  differential 
equation  to  a  sii;pler  probleiL  for  \;hich  as;>Tnptotic  solutions  are 
known,   ,/e  can  well  describe  the  prooler.i  treated  above  as  a  differen- 
tial equation  having  solutions  .'hich  can  be  successfully  compared 
to  the  algebroid  function  of  two  variables  X(t,p),   Tioreover  in  the 
case  in  v/hich  a{t,p)    is  holomorphic,  the  determination  of  suitable 
solutions  on  complex  (t,p)  domains  presents  a  great  v;ealth  of  geome- 
tric phenomena  vjhich  do  not  seeiii  susceptijle  to  i^eneral  treatment. 
Indeed  investigations  of  single  examples  in  tiiis  respect  appear  to 
share  the  magnitude  and  flavor  of  turning  point  investigations,  as 
a  forthcoming  study  of  a  specific  problem  with  holomorphic  coeffi- 
cients './ill  shov/. 
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